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ABSTRACT 

We calculate the O(e’) terms in a Wilson e-expansion of the 

scaling exponents in Reggeon field theory. We find that these corrections 

are comparable to the O(E) terms. 
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The technique of using the renormalization group 1 
and the 

Wilson ~-expansion‘ to derive scaling properties of proper vertices in 

Reggeon field theory3 was introduced by Migdal, Polyakov and Ter- 

Martirosyan, 
4 

and by Abarbanel and Bronzan. 5 
J.n their work the 

behavior of the proper vertices in the infrared limit j = 1 and t = 0 was 

examined, and a number of conclusions were reached. The most 

important of these was a prediction that in a theory with a linear 

unrenormalized Pomeron trajectory and a triple,-Pomeron coupling, 

the asymptotic behavior of the elastic amplitude is 

T(s,t) = S(Pn s)-‘F[t(Pn s)‘l (1) 

with y C: 0. This behavior arises from the coincidence at j = 1 and 

t = 0 of an infinite number of branch points, and the exponents y and z 

are determinable in an E -expansion. Here E = 4 - D is the difference 

between the number D of transverse momentum components and the 

natural scaling dimension of the theory; we want answers for E = 2. 

Although E is a large, it was shown 4*5 that to O(E), -y = c/12 = l/6, 

z = 1 + & = E and so it seemed that a natural expansion parameter 

was really e/12. Hence it was rjlansible that the E -expansion might be 

rapidly convergent. 

We have determined that’ 

-y = 5 + [ 5 In 4 + $$I ($f + Ok3) 

(2) 
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z=l+ I_+[ 
24 

+o(E3) . 

Since the coefficients of the (e/12)’ terms are 7.7 and 3.1, respectively, 

the O(e’) terms are larger than the O(E) terms at E = 2. It would 

therefore seem that the e-expansion is a questionable means of 

calculating y and z at E = 2. Our results agree with these obtained 

independently by M. Baker. 7 

The Lagrangian we use for the Reggeon field theory is the same 

one used in Ref. 5: 

; ++ g =- + - Ly; o’+++.a$ - T [ t*+j2++ ICl+(qd21 (3) 

In the l expansion no mass or “gap” term is required. Proper renormalized 

b, m) vertex functions PR are expressed in terms of renormalized 

parameters r and a’, which are chosen by the normalization conditions 

air(l’ 1) 
R 

?3k2 
= -a’(EN), R r(l,2) r (EN) 

= 
c21iJ(D+1 )/ 2 ’ 

(4) 

pA 
P 

B 

PA: E=-EN,<=O; PB: Ei=-EN,E2=E3=-+EN, Ci = 0 

-2 Here E = 1 - j and t = - k connect these variables to the usual 

variables of a t-channel partial wave amplitude. A renormalization 

constant Z is introduced so that 

air(f’ 1) 
R 

aE 1. 

pA 

(5) 
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Finally, we choose to replace r by the dimensionless coupling 

rE - E/4 
N 

g= 
(0’ ) 

i-e/4 ’ 
(6) 

With these conventions, the proper vertices satisfy the 

renormalization group equation 

z(n+m)]T. R (n’m)(Ei,+, ly’, EN) = 0, 

(7) 
where 

P=EN~ , -$; = EN G 1 nCy’ 

N P 
N 

c pc 

y =E 
a 

-1nZ , N 8EN 
PC: ro, (uo’ fixed 

P c 

The solutions of the renormalization group equation lead to the scaling 

laws discussed in Refs. 4 and 5, and to Eq. (1). The exponents y 

and z are determined by 

p (g,) = 0 (with p’(gi) > 0) 

(9) 

y = Ykg,), z = 1 - ,, -L (PI) . 

We have calculated p, y, and C /o’ to the accuracy required to 

obtain Eq. (2), 

p(g) = - ;g +IZ+2(-3y 
em 

+31n~+~+5Pn2)1 &J2 
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157 43, + % Pn :I (&15, (10’ 

y(g) = [-$+z(yem-Pn n - 3PnZ)l (&)2 + [- +I2 + iPn3 -:h (+r)4 

-&t(g) = I-$+;(v em -In rr-3In2)1(& 1’ +[+2 +kIn3 - El (&-)4 

Y is the Euler-Mascheroni constant. 
em 

Solving the first equation, to order e2 

Pn TI + 356 InZ- 298 Pn3 - 23] 2’ 
144 (11) 

and we obtain Eq. (2) by substitution. 

81 2 
The careful reader will note that, at E = 2, (G ) = -0. 09. 

This does not mean that the Gell-Mann-Low zero of p has disappeared. 

To see this, suppose we define a new coupling constant 

G = (I +Ae)g . (42) 

This substitution does not change the scaling exponents, as given by 

Eq. (Z), but by adjusting A we can change the coefficients in F(G) so 

that (G4/ 8~)’ is positive. We learn by this example that the value of 

(g,/Xn)’ carries no information about the existence of a Gell-Mann- 

Low zero when the coefficients of p are evaluated in the e-expansion 

and E is finite. Similarly, setting l = 2 and counting real zeroes 

yields no information about the existence of a Gell-Mann-Low zero 

because the number of real zeroes can change with A. All we know for 
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certain is that for sufficiently small l , p has a real zero which approaches 

the origin. 

The choice A = $ (y,, - Pn 87~) illustrates these points. Now 

(G,/87r)’ is positive p(G) has only one real zero at l = 2, as compared 

with the five real zeroes of p(g). 

The proper vertices PC” ‘) and P(” 3), with four external 

Pomerons, are O(e2) at the Gell-Mann-Low eigenvalue. (Vertices 

with more legs are smaller. ) One might suppose that four Pomeron 

terms should be added to Eq. (3) to ensure that the O(e2) terms of 

Eq. (2) are correct. However, Wilson’ has pointed out that the two-charge 

theory will have the same scaling exponents as the theory we examine, 

basically because the induced four-Pomeron vertices simulate the 

bare coupling when energies and momenta are scaled down. 
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ERRATUM 

Eq. (10) should read: 

P(g)= -:g+ ~+~(-3Yem+3Pnn+!$+5kn2) 1 --& 
@d2 
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